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EXAMINATION  OF  AN  INVENTORY  MODEL 
INCORPORATING  PROBABILITIES  OF  OBSOLESCENCE 

E.U.  BARANKIN  and  J.  DENNY 
University  of  California,  Berkeley 

1.  Introduction  and  description  of  the  models.  This  paper 
is  devoted  to  the  numerical  study  of  two  models  of  the  inventory 
problem.  The  first  model  is  called  the  ordinary  model.  The  second 
is  called  the  obsolescence  model,  and  describes  an  extension  of 
the  ordinary  model  in  which  the  items  in  the  inventory  may  become 
obsolescence  at  any  stage.  "Obsolescence"  will  mean  that  the 
item  in  question  is  no  longer  to  be  used  and  the  stock  on  hand  is 
to  be  disposed  of.  It  will  be  seen  that  the  ordinary  model  is  a 
special  case  of  the  obsolescence  model. 

The  intention  of  this  piece  of  work  is  the  modest  one  of 
providing  an  explicit  comparison,  in  one  particular  case,  of 
optimal  inventory  policies  with  and  without  the  presence  of 
obsolescence  probabilities.  Additional  numerical  studies  vri.ll 
lend  further  insight  into  our  obsolescence  model,  but  above  all, 
analytic  studies  are  needed. 

In  Section  2  we  set  up  the  recursion  relation  for  the 
ordinary  model,  and  specify  numerically  the  constants  and  component 
cost  functions.  In  Section  3  we  do  the  corresponding  work  for  the 
obsolescence  model,  introducing  there  a  specific  probability  distri¬ 
bution  of  time  of  obsolescence.  The  solutions  of  the  problems  of 
finding  the  optimal  policiies  and  optimum  total  cost  functions  in 
these  two  models  are  presented  in  Section  4. 
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On  both  models  the  same  number  N  of  time  periods  is  fixed 
(N  will  be  taken  as  5  in  our  numerical  work) .  These  periods 
will  be  designated  as  J^,  and  the  convention  will  be 

adopted  that  period  N  is  the  earliest  in  time,  period  N  -  1  the 
succeeding  period  and  period  1  the  last  period.  Thus,  the  pertinent 
time  diagram  is  as  follows,  if  we  label  the  inventory  points  from 
N  to  0  with  increasing  time: 


N-l  H~2 


k  k-1  .  1  0 

FIGURE  I 


The  ordinary  N-period  model  begins  a  period  with  a  primal 
stock  of  items  in  the  inventory.  Denote  by  the  size  of  the 
primal  stock,  which  may  be  atiy  real  number  in  general  but  may 
be  assumed  to  be  nonnogative  for  this  discussion.  The  primal 
stock  can  be  increased  by  y^  -  Xjj  units  where  yN  >  x^  The 
quantity  of  item  in  the  inventory  after  ordering#  namely  yM,  is 
called  the  starting  stock  for  period  N.  During  period  N  there 
will  be  a  demand  for  units  and  it  will  be  assumed  that  the 
demand,  vAiich  may  be  zero,  always  occurs  after  any  replenishment 
y^  -  Xjj  to  the  primal  stock  x^.  For  the  following  period, 
there  will  be  a  (possibly  vanishing)  left  over  stock  from  JN, 
called  the  initial  stock  for  period  which  win  equal  yN  - 

if  this  quantity  is  >  0.  But  this  quantity  may  be  negative,  and 


] 
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if  so  it  will  represent  a  shortage  in  the  preceding  period.  If 
indeed  y^  -  ^  is  negative,  it  will  be  assumed  that  any  additional 
items  obtained  to  replenish  the  initial  stock  in  period  will 

first  be  consigned  to  the  -  (y^  -  unfilled  units  of  demand 
from  the  preceding  period.  The  starting  stock  y^_^  for  period 
JN-1  wil1  be  thc  initiol  stock  yN  -  ^  plus  yN_x  -  (yN  -  CN), 
the  amount  by  vhich  the  inventory  is  increased  in  period 
This  procedure  continues  to  period  where  the  initial  stock  is 
y2  “  S2>  tbe  remain<^cr  from  period  2  and  where  the  starting  stock 
y^  is  initial  stock  y 2  -  £2  plus  y^  -  (y2  -  l*2),  the  replenishment 
to  the  inventory.  If  items  remain  in  the  inventory  after  the 
demand  in  period  1,  i.e.,  if  y^  -  >  0,  the  remainder  will  be 

sold  for  salvage. 

There  are  various  costs  associated  with  the  models.  Thc 
cost  of  ordering  quantities  of  thc  item  to  augment  the  primal 
and  starting  stocks  is  called  the  ordering  cost.  For  both  the 
regular  model  and  the  obsolescence  model  the  ordering  cost  will 
consist  of  the  cost  of  the  items  ordered  plus  a  cost  for  placing 
the  order,  the  latter  being  called  the  setup  cost.  The  cost  of 
failing  to  have  an  inventory  at  a  fixed  period  large  enough  to 
meet  the  demand  of  that  period  is  colled  the  penalty  cost.  The 
cost  of  having  a  surplus  at  the  end  of  a  period  after  the  demand 
of  that  period  is  colled  the  holding  cost.  These  costs  also 
appear  in  the  sane  fashion  in  the  ordinary  and  obsolescence  models. 
Salvage  cost,  which  is  a  negative  cost,  is,  in  the  ordinary  model, 
the  value  of  the  remaining  items  if  any  at  the  end  of  period  1. 

This  definition  of  salvage  cost  for  the  ordinary  model  will  be 
modified  for  the  obsolescence  model.  Finally,  there  is  a  discount 
factor . 


] 
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On  both  the  ordinary  and  obsolescence  models  the  demands  in 
the  successive  periods  are  assumed  to  be  independent  and  to  be 
identically  distributed  according  to  a  known  probability  distri¬ 
bution.  Demand  is  nonnegative. 

The  obsolescence  model  for  N  periods  begins  initially  like 
the  ordinary  model.  The  primal  stock  Xjj  is  increased  to  the 
starting  stock  y^  and  subsequently  there  is  a  nonnegative  demand 
£N.  After  the  demand  in  period  JN  but  before  the  beginning 
of  period  obsolescence  may  occur  according  to  some  known 

probability.  Uhen  ihis  occurs,  any  remaining  items  are  sold  for 
salvage  and  no  further  orders  or  demands  occur--the  process  stops. 

If  obsolescence  docs  not  occur,  then  at  the  beginning  of  period 
JN-1  t^e  stock  y^  -  is  increased  to  the  starting  stock 

^N-l*  After  the  demand  in  period  but  before  the 

beginning  of  period  J^_2  obsolescence  may  occur  with  a  certain 
probability.  If  obsolescence  does  occur  here,  then  any  remaining 
goods  are  sold  for  salvage.  And  so  on,  similarly. 

It  is  clear  from  the  above  that  salvage  cost  enters  directly 
in  each  period  in  which  the  probability  of  obsolescence  is  not 
zero.  When  all  probabilities  of  obsolescence  are  zero  except 
for  period  1,  the  obsolescence  model  becomes  the  ordinary  model. 

The  component  cost  functions  and  the  distribution  of  demand 
being  known,  the  inventory  problem  is  then  to  find  an  ordering 
policy  for  the  N  periods  vfclch  will  minimize  the  total  expected 
discounted  cost  (but  see  Section  5) .  In  the  ordinary  and  obsolescence 
models  the  "optimal"  policies  are  of  the  (s,S)  type. 


1 
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2.  Thej^ecursioi^  •  Let  Hn 

ae*»«t0  the  total  rU«<»©antad  cost  function  for  the  n-period  case, 
n  =>  1,  2,...  The  total  cost  sustained  will  depend  on  the  primal 
stock,  xn,  the  successive  demands  in  the  n  periods,  £n,  £n_p  •••»£]_* 
and  the  several  starting  stocks,  yn,  y^,...,  y^  (As  usual, 
the  "initial  stock,"  x^,  at  t^  is  the  stock  level  resulting  at 
the  end  of  period  *Jjc+p  before  stock-replenishment  at  t^,  and  the 
"starting  stock,"  aj^,  at  t^  is  the  stock  level  at  the  beginning 
of  J^,  after  stock-replenishment  at  tj,;  thus,  y^  -  Xjc  is  the 
amount  ordered  for  stock-replenishment  at  t^.)  Hence,  the  dependence 
of  Hn  is  explicitly  represented  by  Hn(xn;  $n,  ?n.l,***^:l;  yn'yn-l' 

•  •  -,y-i)  • 

If  C  denotes  the  replenishment  cost  function  and  1  denotes 
the  holding-shortage  cost  function- -which  two  functions  are  the 
same  for  all  pcripds--then  evidently  we  have 


(2.D  Hn(xn;?n,£n_1,...,e1;yn,yn_1,...y1)  -  c(yn  -  xj 

+  l(yn  "  Cn)  +  aHn-l(yn  "  *n’*n-l’^n-2'  ,M'$l»  yn-l> 

yn-2' * • • rfi) 


for  n  -  2.  3 . 


where  a  is  the  discount  factor.  For  every  period  Ja, 
tho  function* . C  and  1  are  given  by 


if  Z  >  0 
if  z 


-°i 


k  1,2, ... ,n. 


> 


(2.2) 


C(z)  =  CQ  •  z  + 


C, 


1 
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(2.5) 


z  for  z  i  0, 
(-z)for  z  <  0, 


vfoere  CQ,  h  and  p  arc  constant  unit  costs,  and  K  is  the  setup  cost 
for  ordering. 

The  function  Hp  the  total  cost  function  for  the  temporally 
last  period,  Jp  is  determined  with  the  assumption  of  disposal 
of  left  over  items  for  a  specified  salvage  value.  If  w  denotes 
the  salvage  gain  function,  then  we  have 


(2.4)  H^XpS^y^  =  C(y1-x1)  +  Myi^)  -  w^-^). 

IJe  take  the  function  w  to  be  characterized  by  a  constant  salvage 
value  per  unit  of  left  over  item,  say  wo;  thus,  w  is  given  by 

(2.5)  w(z)  = 


wQ  •  z,  z  >  0, 


0, 


z  <  0. 


Now  (as  usual)  we  consider  the  yp  y2,...,  yn  in  (2.1)  re¬ 
placed  by  functions  Y^(x^),  Y2(x2)  *  “  '  ,Yn^*ti^  t*ie  rcsPcctive 
x^,  these  functions  to  be  determined  according  to  an  optimal 
principle,  and  thereby  constituting  the  optimal  policy.  If  we 
make  this  replacement,  and  for  brevity  set 

"y-n  *  Yn-l»,,,'Yl)> 

(2.6) 


^n-l^^-l^  *  *  ’ *  »Yl(xi) )  * 
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then  from  (2.1)  ire  get--on  regarding  the  ^  as  random  variables- 
(2.7)  •  •  •*$!>%)  *  ^ lc(Yn(*n^  "  *n^ 

+  5  [l(Hn(*n>-  5n>3  +  E" 


vrtiere  <jT  denotes  expectation,  and  ,£  i;,n  denotes  conditional  ex¬ 
pectation  given  $  . 

The  optimum  principle  is  that  (2.7)  shall  be  minimised  by 
suitable  choice  of  If  we  denote  this  minimum  by  Cn(xnJ» 

then  the  customary  argument  gives,  from  (2.7), 

(2.8)  Cn(xn)  -  nin^£[C(y-xn)]+  t  [l(y-€n)]+<*2[^1.1(y-4n)]  j 
^=xn 

for  n  =  2,  3 . 


and  the  minimizing  value  of  y  in  (2.8)  is  the  value  of  the 
optimal  component  function  Yn ( xn ) . 

The  determination  of  C^(x^)  comes  from  ( 2 . h-)  j  we  find 

(2.9)  CWx,)  =  minC  £  [C(y-Xj)3  +  t  [MySiO  '  Z  [w(y?i)_l 
y*x^  ^ 


Together,  (2.3)  and  (2.9)  enable  us  to  determine,  successively 
for  n  «  1,  2,...,  the  optimal  component  functions  Y^x^)  and  the 
optimal  expected  cost  functions  Cj.(xa) . 

In  our  case  at  hand  we  are  concerned  with  a  five-period 
interval,  and  therefore  W2  are  interested  in  (2.9)  and  in  (2.8) 
for  n  =  2,  5,  4  and  5. 
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In  the  present  numerical  study  we  specialize  to  the  following 
values  for  the  constants  characterizing  our  total  cost  function: 


(2.10) 


I  =  replenishment  cost  per  unit  of  item 

K  ■  set-up  cost  for  ordering 

h  =  holding  cost  per  unit  of  item 

p  =  penalty  cost  per  unit  of  item 
3  salvage  value  per  unit  of  item 
b  discount  factor 


=  1 
1 

=  2 

*  6 
1 

=  5 
=  1 


and  we  take  the  demands  in  the  several  periods  to  be  independent 
and  identically  distributed,  with  density  function  <p  given  by 


(2.11) 


<pU) 


0, 


(SO 

«  <  o  . 


We  then  have 

(2*12)  £[C(y  -  x)J  -  C(y  -  x)  -  |  (y  -  x)  +  Ix(y) 


where 

(2.13) 

and 


i*(y) 


f  l  if  y  >  x 

0  if  y  S  x. 


(2.14)  £[l(y-*k)] 


i  f  y( y-$)®’*d£  +  (t-y)«"*d$*  y  >  o, 

*  J  Q  W  y 

)6fo  y  i  o 

J  (-1  +  y  +  13o"y)>  y  >  0/ 


6(1  -  y),  y  <  o, 


(any  k) 


and  finally, 


(2.16)  ^y-^)]  -6/oy(y-«)o'«dft,  y  >  0, 


0,  y  5  0, 


j  3('  1  +  y  +  c’y)' 

o,  y  2  o. 


y  >  0, 


Inserting  these  evaluations  into  (2.9)  we  get 


min 

£  (y-x)  +  I  (y)  +  • 

r\(-  1  +  y  +  37e"y),  y  >  oT 

y^x 

L  1 

[  6(i-y),  y  2  0  J  J 

and  inserting  them  into  (2.8)  gives 


(2.18)  Cn(x)  =  ®in 


£(-l+y+l3e'y),  y  >  0, 


|  (y-x)+I  (y)+ 

y^x  Lb  x  (6(1  -  y),  y  <  0 


+  /0 


With  (2.17)  we  may  now  determine  the  optimum  policy  component 
and  the  optimum  expected  cost  function  C^.  Then,  iteratively, 
with  (2.18)  we  determine  Y£,  C2,...,  Y^,  C*.  By  well-known 
arguments  it  follows  that  the  optimum  policy  is  an  ( 3, S) -policy 
in  each  period.  In  Section  4  we  give  the  results  of  our  calcu¬ 
lations,  and  we  have  there  tabulated  the  optimal  s^  and  S^, 
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^et 

N  denote  the  number  of  periods  in  which  we  are  interested.  This 
is  specifically,  in  our  present  study,  the  number  5*  For  n  =  1/2, 
...,N,  let  irn  denote  the  probability  that  obsolescence  occurs 
in  the  interval  J^.  The  latter  eventualities  are  disjoint,  by 
the  nature  of  obsolescence.  Furthermore  since  our  inventory 
process  comes  to  an  end  in  any  case  after  period  J^,  we  can  consider 
the  definition  of  obsolescence  to  be  such  that  obsolescence  cer¬ 
tainly  occurs  in  if  it  docs  not  occur  before.  (Or,  equivalently, 
we  may  be  given  the  datum  that  obsolescence,  priorly  defined, 
certainly  occurs  within  N  periods,  and  thereby  N  is  defined.)  Thus, 
we  have 

N 

(5.1)  2  tt  =  1. 

n-1  n 

Let  a  be  a  variable  denoting  the  index  of  the  period  in 

A 

vhich  obsolescence  occurs.  For  n  =  1,  2,...,  N,  let  Hn  denote 
the  total  discounted  (to  the  inventory  point  n)  cost  function 
for  the  periods  Jn,  ^n- 1>  ■  •  •  Jj.*  This  function  depends  on  the 
variables  described  in  Section  2,  but  as  well  on  the  variable  co. 

A 

And  indeed  the  value  of  Hn(xn;  f_n,  . . . ,  l1;yn,yn..1, . . .  ,y1;ai) 
is  determined  by  the  values  of  xn,  §n,  $n_i>  •  •  •  Yn,  yn_p.../ 

y®  only* 

The  functions  C,  1  and  w,  and  the  discount  factor  a  are  the 

same  as  in  the  ordinary  model.  Recalling  that  when  obsolescence 

occurs  in  a  particular  period,  any  left-over  quantity  of  the  item 

is  sold  for  salvage,  we  see  that  in  the  present  case  the  relation 

between  H  and  ft  i  is  of  the  following  form: 
n  n~  i. 


-ii- 


(5.2)  ''r.'V  *n*5n.i»..Mi1iyn>yn.i,...,y1;«) 


(O,  if  oj  >  n, 

T-w(yn-^n),  if  cu  -  n, 

c(yn-xn)  +  i(yn-Cn)  +)  A 

i-ana-l^n~^n*  ^n-1' 

^n-2*  *  *  *  * ^l’yn-l'^n-2'  *  *  *  >i£  ^n-lj 

for  n  =  2.  3 .  N 


For  n  =•  1,  i»e_have  simply: 

,  ,  *  ,  fO,  if  <o  >  1, 

(3.3)  HWx^Spy^co)  =} 

Cc(yrxi)  +  1(yr^i)  -  w(yi-^),  if  ®-i. 

Let  us  denote  the  policy  functions — to  be  determined  by  an 

optimality  principle — by  Yj^x^),  Y2(x2) , . . .  ^N(xN) ,  and  set 


r 


(3.4)  < 


<V  Vl . V' 

Hn^xhI^n,^n-l,,,**^l»%t;co^  =  Hn^xn;^n^n-1>  *  *  *»$1» 

,Yn-l^*n-l^  '  *  •  * 


Now,  for  the  present  model  the  question  presents  itself 
whether  the  optimization  principle  should  be  to  minimize,  as  is 
usual,  the  expectation 

(3*5)  ^  V\^n'  Vn;  w) 

for  n  *  1,  2,...,  N,  or  alternatively,  to  minimize  the  conditional 

expectation 


(3.6) 


%  cu)j  <&  =  11 


for  each  n.  On  general  grounds  the  latter  principle  seems  the 
more  pertinent,  the  argument  being  that  optimality  considerations 
for  the  periods  JR,  ouS^t  not  to  give  any  positive 

weighting  to  eventualities  which,  because  they  entail  obsolescence 
before  the  period  J^,  involve  no  behavior  within  the  periods 
^n-1*  *  *  •  *^1*  *-n  in  pur  specific  raodel  there  is 

no  difference  between  the  two  principles.  This  is  so  because 
the  obsolescence  probabilities  tt^  are  fixed  and  the  quantities 
which  would  get  positive  weighting  under  the  first  principle  and 
not  under  the  second  are  in  fact  all  0,  so  that  the  weighting 
is  irrelevant.  To  see  this  more  precisely,  notice  that  by  (3.2) 
and  (3.3)  we  have,  for  all  n  =  1,  2,  . N,  that  =  o  for 
co  >  n,  and  therefore  (looking  on  the  £k  and  oo  as  random  variables) 

(3-7)  £  $n(Xn>  ^n-1*  *  *  *  *  *»1 » =  r?1irr^  Hn^xn»  ^n’^n-V  *  *  • 

n  a  * 


(k?A}  * 

(  2  O  A 


■  t  [VVWVi-  •  •  • .  8  ”] 
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Thus,  for  each  n,  the  expressions  (2*5)  and  (5-6)  differ  only 
by  a  constant  factor,  and  therefore  the  minimization  of  one  is 
equivalent  to  the  minimization  of  the  other.  (We  are,  of  course, 
tacitly  assuming  in  all  our  deliberations  here  that  the  ir^  ore 
suitably  nonvaniohing . ) 

Replacing  the  y1{  by  Y^x^)  in  (5.2)  and  taking  expectations, 
we  get 

(3.8)  SHn(V«n"f.n-l . VVni<D)  “  (J1’rk)  { 

+Z  Ll(Vn(x„)-g} 

-  -  5„)3 


n-1 


n  —  S s  3i_  » « « i  N  • 

This  relation  takes  on  a  much  more  convenient  form  when  expressed 
in  terms  of  the  conditional  expectations  (3 .6).  For  brevity,  let 


i  (n) 


denote  the  conditional  expectation  operator  given  oo  <  n. 


Then,  on  dividing  (5.8)  through  by  (2^“^  v^)  and  utilizing  (5.7)-- 
both  as  it  stands  and  with  n  replaced  by  n  -  l--we  find  that  (5.8) 
is  equivalently  expressed  as: 

(3.9)  -  C(y*n)  -  xn) 

+  Z  Lmvv  -  en)]  -  iv  Z  ["•:\(>=n)  -  epj 

+  a(1  ■  "n)i("'1)Vi(Vx„)-«n;5„.1,5n.2, 

A 

for  n  =  .2i_,,3.*  « ♦  *  1  N. 


Where 

(3.10) 
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Then,  if  ^(x^)  denotes  the  minimum  of  (3*9),  have: 
(5.H)  ^n(x)  =  min  <C(y-x)  + -tLl(y-4n)]-^n<5  [w(y-^n)] 


+  a(l-ii.n)Jcn.1(y-en)} 


for  n  *  2 ,  3,  *  * ■ ^  N  • 

For  n  -  1,  we.  obtain 

(3.12)  5x(x)  =  min  ^C(y-x)+ ^[lCy-^)}- ^[w(y-^)]}  . 

y=* 

For  each  n,  the  minimizing  y  for  a  given  x  is  the  optimal  policy 

A 

value  Yn(x) . 

Substituting  into  (3.11)  and  (3.12)  the  detailed  functions 
and  constants  as  specified  in  Section  2,  we  get: 

£(-l+y+37e'y),  y  >  oT 

6(1  -  y),  y  5  0  J_ 

(notice  that  is  identical  with  C^,  given  in  (2.17)),  and 


(3.1?)  Ct(x) 


min 

ys*  L 


J(y-x)+Ix(y)+ 


(3.14)  fin(x)  =  min^|(y-x)+Ix(y) 


C|(-l+y+l3e"y)-~ (-l+y+e“y),  y>o) 


^6(1  -  y),  y  &  0 

00  , 


+  (1  ■  )/0  Cl(y-^e“"dll  • 


Ub  see  that  the  form  of  the  problem  here  is  the  same  as  .in- the- 
case  of  the  ordinary- model,  there  being  simply  the  changes  in 
coefficients  in  the  recursion  relation  (3.14)  due  to  the 
Again  the  optimal  policy  is  of  the  (s,S)-type  for  each  period, 
and  in  Section  4  wo  present  the  optimal  s^  and  S^. 
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We  shall  carry  out  our  numerical  study  for  the  set  of  values 
of  the  TTj^  as  tabulated  below;  we  tabulate  also  the  flnd  the 
quantities 


(3-15)  \d®£ 


5 

2 

n=k 


7T 


n 


a  probability  that  obsolescence  occurs  in 
one  of  the  periods 


TABLE  I 


k 

% 

ixi: 

*k 

1 

i 

1 

1 

1 

1 

5 

2 

5 

¥ 

8 

1 

1 

1 

3 

TG 

9 

k 

5 

* 

5 

graphically,  these  quantities  look  as  follows: 
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Jt*  Thc  results  of  carrying  out 

the  minimisations  in  (2.17),  (2.18)  and  in  (5.13),  (3.14)  are 
the  following: 

ORDINARY  MODEL 


( 8i>Si) 


(0.67295, 

cx(*)  -  < 


1.81915) 

3.65249  -  |x 

1  .  1„  ,  J;  -x 

-  I  +  £X  +  H  ® 


x  <  O.67295 
x  >  0.67295 
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(syS5)  =  (1.52891, 
C5(x)  = 

(s4,S4)  =  (1.51588, 
C4(x)  = 

(s5,S5)  =  (1.42970, 

C5(x)  - 


5.06648) 

8.52142  -  x  <  1*52891. 

-2  +  Jx  +  11.20586  e"x  +  10.47669  e  *sc 

+  5.08555  e"**2  x  £  1.52891 


5.54470) 

11.04205  -  |  x  x  <  1.51588' 

8.85475  -  =x  +  63  e"x  1.51588  i  x  <  1.52891 

-3I  +  l|x  +  17. 10608  e"x  +  11.20586  c”x  x 
5  5 

+  5.25354  e_xx2  +  1.02776  e_xxp 
1.52891  *  x 


5-77857) 

15. 64619  -  ^x  x  <  1.42970 

11.57557  -  ft  +  6|  e"x  142970  <  x  <  1.5.588 

8.68808  +  gx  +  5.4519  e"x 

+  63  e-xx  1.51588  <  x  <  1.52891 

-  5^  +  2”X  21.55778  e"x  +  17.10608  e"3^ 

+  5.60295  e_xx2  +  1.74609  e_xx5 
+  0.25694  e-xx^  1.52891  5  x 


I 
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OBSOLESCENCE  MODEL 


(0.67295, 

1.81915) 

Cx(x)  = 

5.65249  -  \  X 

X  <  0.67295 

-S  +  5X  +6^C"X 

x  £  0.67295 

(1.19718, 

2.4649) 

II 

OJ 

<0 

5.4907I  -  |x 

^  1  7 

x  <  1.19718 

-  |  +  J|x  +  9.59913  c"x  +  4.625  c'xx 

3  24  x  >  1.19718 


{syS3)  =  (1.4024,  2.3852) 

7. 49881  -  |x  x  1*4024 

C  (x)  = 

-  I.55702  +  0.94445x  +  10.85690  c  x 

+  8.55474  +  2.05555  e_xx2 

x  >  1.4024 


( 1.26515, 


c\(x)  = 


5.0228) 

8.94219  -  |x  X  1.26515 

6. 57780  -  0.24270x  +  6.45956  e~x 

I.265I5  5  x  <  L4024 

-2.46966  +  1.21185X  +  15.40940  e'x 
+  8.86655  e"5Cx  +  5-41784  e-xx2 

+  0.56059  e”*x5 


x  2:  1.4024 


-19“ 

(&5J5)  -  (1.1124?,  2.82610) 

9.15756  -  |x  x  <  1.11243 

6.3284  +  0.65624x  +  6.39585  e~x 

1.11243  5  x  <  I.265I5 

«  4.15577  +  1.062304  +  o.66083e"x 

Cc(x)  = 

p  +  4.42706  c”xx  1.26515  <  x  <  1.4024 

-2.92635  +  2.06232x  +  14.50318  e"x 

+9.21396  e"xx  +  3.04737g-xx2  x  >  1.4024 

+0.78525  c-V  +  0.09635  e_xx^ 

We  summarize  the  critical  numbers  in  the  following  table 
and  graph: 


TABLE  II 


Ordinary  Model  ! 

Obsolescence  Model 

k 

j 

1 

r 

0.67295 

j 

i 

1.81915  | 

0.67295 

1.31915 

2 

1.36731 

2. 6 1030 

1.19718 

2.46490 

3 

1.52391 

3.06648 

1.40240 

2.88520 

4 

1.51380 

| 

3.34470 

I.265I5 

3.02280 

j  1.42970 

1 

3-77837 

1.11243 

2.82610 

w* 


NOTATION 

1)  Ordinary  modal 


FIGURE  III 


The  domination  of  Sk  by  and  by  sk  for  k  «  2,  3,  4,  5 
reflect  the  possibility  of  termination  of  the  obsolescence 
model  before  period  1  and  hence  the  need  for  smaller  inventories. 
The  agreement  of  the  costs  functions  C^(x)  and  5-^(x)  was  noted  in 
(5. 13)  and  is  the  reason  for  the  agreement  of  with  and  of 
S1  with  s^.  The  concave  properties  of  the  s^-curve  and  the  s^- 
curve  are  a  consequence  of  the  fact  the  ordering  cost  function 
C(  )  is  not  convex  (see  (2.2)).  The  concavity  of  the  Sk~ 
curve  is  reflected  in  part  by  the  relatively  high  conditional 
probability  of  obsolescence  in  period  5  (see  Table  I). 
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